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METHOD OF LOCAL APPROXIMATIONS IN THE NONLINEAR
THEORY OF SHELLS

S. V. Levyakov and Yu. V. Soinikov UDC 539.3

The method of local approximations, whose basic concepts are given in [1, 2], is based on the representation of the
strains of shells in small regions (elements) by Taylor series expansions. If we confine ourselves to a small element and refer
its geometry to a certain simple geometrical object, say a plane, the strain relations can be simplified. Depending on the degree
of local approximation, various nonlinear models of the strains of shells are obtained. Here we investigate the most effective
finite-element models based on the first terms of local approximations.

1. In the neighborhood of a point O the centroidal surface of the shell is defined by the equation

r=r"+n07¢, P=r"+r,& (i=1,2), (1.

where r is the radius vector of the surface, rP is the radius vector of the plane tangent to the shell surface at the point O, { =
{(¢;, &,) is a function describing shape of the surface in the neighborhood of the point under consideration, £; and £, are
orthogonal coordinates on the tangent plane, and a subscript after a corpma denotes differentiation with respect to the
corresponding coordinate. Summation over repeated indexes is used everywhere.

Neglecting small terms §,2, << 1, we obtain an expression for the normal vector n to the shell surface

n=(nf —r PO+ ¢ 0P -1l (. (1.2)

According to the Kirchhoff —Love hypothesis on the preservation of a normal element, we write the components of the strain
tensor in the form

1 - -
Etz' = &yj + zay; = _(r"zV r,..V —r'xz r,; )7
7 7 J 2 J ) (13)

z v v
r’ =r+ zn, r?v =r¥ + V.

Here rV and nV are vectors referring to the deformed state, and z is the normal coordinate to the centroidal surface of the
shell.

On the basis of relations (1.1)-(1.3) we define the components &; and z;; for the large displacements and rotations of
the centroidal surface of the shell by the local approximate relations

1 . 1
£ij = €ij + E(Cnv C-;/ =G C?J )- €i; = §(l‘.fv l‘._’;v —6,'1'),

(1.4)

&ij = (A {)ij= ~Wyj,

where 6ij is the Kronecker delta, and w = ¢V —{ is the deflection in the direction of the normal vector nP.
An analysis of the relations (1.4) shows that the terms appearing in parentheses in the expression for &; vanish with
diminution of the size of the shell surface. The retention of these terms permits the approximate strain measures valid for thin
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TABLE 1

Simply supported edges (k = 4) | Two simply supported and
Grid two free edges (k = 1)

_ Model A Model B Model A Model B
2x2 3,00 3,46 0,943 1,140
4x4 3,55 3,88 0,985 1,035
8x8 3,88 3,92 — —

plates to be accurately extended to strain relations for shallow (small-curvature) shells [3]. The employment of more
complicated deformation models for the development of numerical algorithms would be inexpedient both in connection with
its laborious numerical implementation and from the viewpoint of the main concepts of the finite element method.

2. We consider a three-node finite element of triangular shape with five degrees of freedom at each node: three
displacements and two angles of rotation of the normal vector. For unknown functions characterizing the geometry of the shell
element before and after deformation we assume the following approximations:

r? = Lery, V= Lirf, (=-N*9y, (V=-N*g}

(i=1,2, k=1,2,3). @.1)

Here ry are the nodal values of the radius vector, &% is the cosine of the angle between the normal vector at the k-th node and
the coordinate vector r ;, and L, and Nik are the area coordinates and cubical shape functions having the form [1]

Ly = bgi&; + bia,

£2; — Eax ik — & &1;62k — E166a;
by = 22, bip = 22 _2>11 g = 2152k T S1k825
! 2F 2 aF 0 e 2F ’
NV = 2F(brami — bjamai), N% = 2F(bjimai — bramii), (2.2)
mi = LIL; + eril; L Ly, i = L?Li + 3 L;L; Lk,
s 1 3h? — h} + k2 1 3h? — h} + A2

T2RARI AR TR RIRRI AL

where F is the area of the element, &j; is the i-th coordinate of the j-th node of the element, and h; is the length of the element
side opposite to the i-th node. The relations (2.2) obey the rule of cyclic permutation of the ices i, j, and k.

Substituting the expressions (2.1) into (1.4) and averaging the components of the strain tensor within the limits of an
element, we obtain the strain relations for a shell finite element:

1
Eij =¢€i;+ = uz?"t(ﬂx,,.ﬂ;/t ~ DnrPge),

2

1
€ =3 (2} =i buibrj — 6i5),

2.3)
&Xi; = Naz;r mry Omr = 19::;,- - Vs 1’:’,-”- = bthZ:/Iz:,1

1
u = s / (N7 N3 4N N2 YdF
F
(3, j,m,s = 1,2, kyrt=1,2,3).

Here xP_is the k-th coordinate of the r-th node of the element, and 6, are the nodal values of the variations of the cosines of
the angles of inclination of the normal vector (m enumerates the cosines number, and r enumerates the nodes).

Hereafter the finite-element model based on the strain relations (2.3) will be called model A. Model B implies finite-
element calculations utilizing the simplified variant of the strain relations
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TABLE 2

. Deflection w(0)-10%, m | Deflection w(=/2)-102, m
Grid Uodel A | Model B | Model A | Model B
2%2 0,2891 0,2865 0,2752 0,2629
Ix3 0,2990 0,2832 0,2737 0.2577
4x4 0,2972 0,2853 0,2675 0,2565
5%5 0,2953 0,2864 0,2638 0,2557
6 %6 0,2929 0.2871 0,2605 0,2552
Tx7 0,2921 0,2874 0,2592 0,2548

Eij = eijv E,J = N,:?r 0,,,,.. (24)

A comparison of two variants of the deformation models based on the relations (2.3) and (2.4) shows that refinement concerns
the distribution of strains within an element and not its spatial motion. Both finite-element variants ensure a calculation of strain
state of thin shells of arbitrary shape undergoing finite elastic displacements and rotations. It is of interest to study the questions
of convergence and accuracy of solutions given by models A and B in classical problems of the statics of thin shells.

3. We use the energy method to solve the problem of determining an equilibrium state. We write the expression for
the potential energy of a shell element:

1 z z
M= [o(e; - auT)dv
\4

3.1
(o‘ij is the tensor of the coefficients of thermal expansion, aﬁ is the stress tensor, and T is the temperature change).
The thermoelasticity relations have the form
Ufj = a;jkl(z)(si, - (XHT). (32)

Substituting (3.2) into (3.1) and taking into account the Kirchhoff — Love hypotheses & = g; + & and the symmetry property
of the tensor of elastic constants (a;5; = ay;), we obtain

1
= 3 /(Bijklf.'jé'kt + 2Cisxiei520 + Dijpieei;an ) dF —
F

—/Q,'js,'_,'dF—/R,-jae;de-!-const. G-3
F F

Here,
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Biju = /G;jkde; Cijit = /a,‘jkzz dz; Diju = /aijk122 dz;
h h h

Qi; = /a.'jklaleJZ; R = /aijklalezdz
A h

(Q-,J- and Rij are the temperature forces and moments). Introducing the strain relations (2.3) into (3.3) and integrating over the
area of an element, we obtain an expression for the potential energy of an element in matrix notation:

= %(ETKCE +2e"K48 + 07K40) — €7Q, - 87Qy + const,

€7 = |e1,€22,€12, 07 = {011, 021,612,622, 613,023,

where K, K, and Ky are submatrices of the element stiffness matrix, and Q, and Q, are the heat-input vectors calculated
from the formulas

K.=BF, K,=C / N"dF, K, = / (N")*DN"dF,
F F

B=/adz, C=/azdz, D=/azzdz, Q,:F/aasz,
A h

A h (3.4

Qy = /(N”)’dF/aaTzdz, a® = |a, a, a2},
F h

a1111 G122 2G3132
a= @222 2a2212 | ,
sym
4a12)2
11 21 12 22 13 3
N’n Nm N»u Nvu Nm N’%l
" 11 21 12 22 13
N'= [ N3 N3} N3 NB NS N 32
1 21 12 22 13 23
N’12 N’12 N’l2 an N?l? N’n

Here, T is the average temperature change in the element, a is the matrix of elastic constants, and « is the vector of coefficients
of temperature expansion. Integration over the area of an element is carried out numerically by the Gaussian cubature formulas

[41.
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In the case of an isotropic shell the components of the matrix a have the form

2
apy = a2 = Ef(1 - v%), @1122 = vayn,

amz=am2=0, a1212=05E/(1+v).

4. To formulate the equations of equilibrium, stability, and the iterative solution process, the coefficients of the first
and second variations of the potential energy of a nonlinear discrete system need to be calculated.
To obtain a computational algorithm, we introduce two levels of the variable discrete parameters represented by the
- - . * . - * ok
vector of generalized elastic displacements u” and the vector of generalized coordinates u™~ = q:

(u*)" =1[e",07], €' = le11, €22, €12],

(u™)" =q" = |q},q}, q3|, af = Iz}, %, 230 Y0 P2l

(<p‘{j are the angles of rotation of the normal vector n‘g).
The solving algorithm for the nonlinear problem is based on the stationary conditions for the total potential energy of
the discrete system:

Héq+g-Q =0 4.1)
(H and g are the Hess matrix and the gradient of the potential energy of the ensemble of finite elements, Q is the vector of

generalized external forces).
The Hess matrix h** and the gradient g** of a finite element are calculated by the formulas

g-t - (u-I)T -’ h-. - (u-l)'rh-u-/ + g;ufll

[ 3R]

where g* and h* are the gradient and the Hess matrix of the first level, and u™" and u*” are the matrices of the first and second
derivatives of the components of the vector u* with respect to the components of the vector u** as defined by the relations

=\T T - L] = he h
(&) =lgi g5l =lgi,--n08l, B =] 5 1,
ed ho

ge = Kce + K40, go = Kjje+ Kob + Ag.,
hc = K!y th = Kz@ + KeATv
hg = Ko + AK,p + KHAT + AK, AT + gfuy; + g3uz + g3uia, 4.2)

1
A= [uuﬂ"’uzzﬂv,ulzﬂvl’ u;; = ﬁ/(N,,’ N,; +N,; N,T)dF,
F

NT = |NY NP N NZZ N3 N2 VT = |9Y), 9%, 92, Pye Y3, U3al-
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The integration for w;; in (4.2) is carried out numerically by the Gaussian method [4]. The nonzero components of the matrix
u"’ have the form

dejj _ 1
oy, 2

\2
giv = I\I:mbmrAYkn (4 3)
\'
;"’Vn = b ALY (Ljir=1,2, kymys=1,2,3)
Tem

Izs(bajbmi + bsi”mj)a

(A Y are the direction cosines of two auxiliary unit vectors, which together with the normal vector nY form a right-handed
triad).
The nonzero components of the matrices of second derivatives " are calculated from the formulas

0%;; 1

m = §(bljbmi + btibmj ),
2.‘}v

?)_\Pvr_zs_ = _I:mbmr/\;:;/y 4.4
9?9y, .

ToTozy bor s (4,3,0,7 = 1,2, k,m,s=1,2,3).

The relations (4.3) and (4.4) are used for cyclic calculation of the gradient and the Hess matrix of the potential energy of a
shell finite element, making it possible to obtain a compact computational algorithm.

In the process of the iterative solution of the equilibrium equations according to the scheme (4.1) it is necessary to
calculate new values of the unknown quantities after each iteration. In the case of finite displacements and rotations the new
values of the nodal unknowns are calculated from the formulas

"V =rY+6rY, nYv =n"cosén" +én"sin(sn¥)/6nY,

where énV is the magnitude of the vector énV.

The algorithm formulated above enables one to determine the equilibrium states and to investigate their stability in
accordance with the criterion of positive definiteness of the second energy variation.

5. We now consider the stability problem for a simply supported square plate with the side b compressed uniaxially
by forces p. We assume that v = 0. With symmetry conditions taken into account we obtain analytical expressions for the
stability equations for one quarter of the plate divided into two triangular elements
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Kq-ph’D"'(B+C)q=0, q'=]|2w/b,¢pl, G.D

where w is the bending deflection at the center of the plate, ¢ is the angle of rotation of the normal vector and D is the flexural
stiffness. The nonzero components of the matrices in (5.1) have the form

Ki=84, Kio=Ky =38, Kn=29, By; =1,
Cn1=3/20, C12=Cy = 1/15, Cap = 73/720.

The matrix C reflects the influence of the additional terms in the strain relations (1.4) characterizing model A. From the
condition det(K — pb?D~1(B + C)) = 0 we obtain the critical load parameter k = p_b?/#2D, the exact value of which is k,

=4 [5)
192 102287
k= e (276~ [—5—) = 3.00 (model A),

992
k= 2977 = 3,46 (model B)

(p, is the critical load).
Setting ¢ = 0 in (5.1), one can also find a solution of the problem for a plate with clamped edges. In this case the
following values for the critical load parameter are obtained (k, = 10.07 [5]).

1680
= 3p2 = 7,40 (model A),
k= &;- = 8,51 (model B).
T

The results indicate that the error corresponding to a coarse discretization grid is equal to 25% and 15% for models
A and B, respectively.

Table 1 shows the results of a computer analysis of the convergence of the finite-element solutions carried out on a
computer. The analysis of the results demonstrates the advantages of model A in the case of two simply supported and two free
edges. For example, for a 2 X 2 grid the error of the critical parameter is 5.7% and 14% for models A and B, respectively.

The linear solution has been analyzed for a cylindrical shell with free edges loaded with two point forces P = 453.6
N characterized by the parameters L = 0.2629 m, R = 0.1258 m, h = 0.2387-10 "2 m, E = 0.738-10° MPa, and v = 0.3125
(Fig. 1). Owing to symmetry properties, discretization for one-eighth of the shell is sufficient. The results of the investigation
of convergence in determining the deflections are listed in Table 2. For comparison we give values obtained in different papers
for the deflection w(0) at the point of application of the force: 0.276-1072 m [6], 0.287-10~2 m [7], 0.279-10~2 m [8], and
2886-10~2 m [9]. An analysis of the results of the calculations shows that both models converge, model A giving an upper
bound of the solution, and model B a lower bound.

The nonlinear algorithm has been used to solve the problem of bending of a thin cantilevered strip loaded by a
transverse force P and bending moment M. The parameters of the plate and the finite-element grid are given in Fig. 2. The
equilibrium states of the strip for P = = and P = 2« (P = PIZ/EI, I = bh3/12) are also presented here.

Figure 3 shows nonlinear characteristic curves relating the load parameter P to the displacement @ = u// (curve 1) and
deflection W = w/I (curve 2) of the free end (the curves represent solutions obtained by a beam scheme [10], and the light and
dark circles represent the finite-element solutions for models A and B, respectively). Both models give the results that coincide
practically with the beam solutions.

The equilibrium configurations of the strip for various values of the bending moment parameter M = MU/EI are
presented in Fig. 4. Figure 5 shows characteristic curves of the displacement @i and deflection W (curves 1 and 2) corresponding
to the solution. Here, in accordance with the notation adopted above, we show the values calculated by means of the finite-
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element models under consideration. For small values of the load parameter (M < 1) all three solutions are close to one
another. When the load increases (M > 1), the shell models become stiffer than a beam.

The nonlinear deformation of shells has been investigated by the above-described method expounded above in the
problem of bending of a narrow ring loaded by two diametrically directed point forces P. The grid and geometrical parameters
of the shell are given in Fig. 6.

In Fig. 7 curves 1 and 2 represent the nonlinear characteristics of the deflections of points M and N obtained on the
basis of the beam scheme. The dots represent the solution corresponding to the finite-element model A, and the crosses
correspond to model B. In this problem better agreement with the beam solution (solid curves) is observed for model A.

An analysis of the results of the caiculations shows that the development of an optimal finite-element model depends
first of all on the extent to which the nonlinear external connections of the finite elements are reflected, and to which standard
convergence criteria [2] are satisfied. This question is intimately related to the choice of generalized elastic displacements in
nonlinear problems reflecting the three-dimensional character of actual geometrical relations existing in the shell, and also to
the description of large displacements of such a geometrical object. The more accurate approximation of the strain distribution
within an element is not as decisive to the achievement of a more accurate solution as the diminution of element size. It should
be noted that the use of the finite-element model A in calculations leads to large expenditures of time. For example, the time
required to solve the problem of bending of a cantilevered strip subjected to a force P varying from P = 0 to P = 27 in 10
loading steps using model A is about twice the time required for model B.
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